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THE CONCEFT OF EQUILIBRIUnI TEMPERATURE TIME 

A NEW MATHEFATICAL FORMULATTON A??E ITS EF:FCT 
EQUIVALENTS I N  A C C E E R A T E D  STAB1 IJ TY TESTING : 

I N  PHAIIMACEUTICAL PRODUClP DEVELCIXENT 

9 Wu-huang Yang 
Fepartment o f  Indus t r i i s l  Pharmacy 
Nassachuset ts  College o f  Pharmacy 

Boston, Massachusetts 02115 

Borrowing t h e  mathematics used i n  t h e  nonisothermal 

k i n e t i c  method, a new and s imple r  mathematical  t reatment  

o f  t h e  concrept o f  t h e  Equi l ibr ium Temperature Time 

Equivalents  (ETTE) i s  presented.  The e f f e c t  o f  t h e  ETTE 

i n  t h e  pharmaceutical  product s t a b i l i t y  assessment is  

d i scussed .  The a n a l y s i s  shows t h a t  due t o ,  t h e  s t a b i l i t y  

c h a r a c t e r i s t i c s  o f  most drug c a n d i d a t e s ,  t h e  ETTE has very 

l i t t l e  e f f e c t  on t h e  s t a b i l i t y  d a t a  t raat 'ment .  

I N T R O  DUCT1 (IN 

During t h e  e a r l y  s t a g e  o f  t h e  product development 

p rocess ,  a c c e l e r a t e d  s t a b i l i t y  t e s t i n g  a t  high temperature  

i s  u s u a l l y  employed t o  a c c e s s  t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  

*Present addres s  : Pharmaceutical  Product Development, 
Wad Johnson and Company, E v a n s v i l l e ,  Indiana 47721. 
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372 YANG 

of t h e  prototypes and/or t o  establish an a p p r o p r i a t e  

overage. It is  n o t  uncommon i n  an  i n d u s t r i a l  s i t u a t i o n  

t h a t  t h e  samples, a f t e r  being placed i n  an  oven, a r e  

allowed t o  be g r a d u a l l y  heated up before  reaching t h e  

oven temperature .  A gradual  cool ing  i s  experienced by 

t h e  samples a f t e r  they  are withdrawn from t h e  oven a t  

t h e  a p p r o p r i a t e  sampling times before  t h e  a n a l y s i s .  The 

concept of  t h e  Equi l ibr ium Temperature Time Equivalents  

(ETTE) was developed (1) t o  c o r r e c t  t h e  i n i t i a l  hea t ing  

per iod and t h e  subsequent cool ing  t ime per iod.  

This  paper d e s c r i b e s  a new and s impler  mathematical  

t.reatment of  t h e  ETTE and i n v e s t i g a t e s  i ts effect  i n  

t h e  pharmaceutical  product development. 

THEORETICAL 

The fol lowing s i t u a t i o n  i s  considered.  Packaged 

samples a t  room temperature  a r e  placed i n  an oven a t  

t ime zero .  The temperature  o f  t h e  samples g r a d u a l l y  

i n c r e a s e s  from t h e  room temperature  (To) and reaches  t h e  

oven temperature  (To,,) a t  t ime t*. Let t h e  drug l e v e l  a t  

t* be C*. Samples a r e  withdrawn from t h e  oven a t  t ime ti 

( i  9 1, 2 ,  ..., n ) .  Let t h e  drug l e v e l  a t  ti be Ci. 

P r i o r  t o  t he  assay ,  t h e  samples a r e  allowed t o  cool  

t o  t h e  room temperature  a t  t ime ti*. Let t h e  drug l e v e l  

a t  ti* be Ci*. 

The ETTE a t  each sampling t ime i s  composed o f  t h r e e  

parts t 
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(ETTE)  I N  PHAKYACEUTICAL PRODUCT DEVELOPMENT 373 

( X T T E ) ~  th + ( t i - t + )  + (tc-ti) Eq.1 

The term ti-t* accoun t s  f o r  t h e  t ime periold when 

t h e  t empera tu re  o f  t h e  samples  a c t u a l l y  remains a t  t h e  

oven t e m p e r  <I t ure .  

The term th i s  c a l l e d  "hea t i ,ng  t ime ecluiva.lent" and 

can be c a l c u l a t e d  as f o l l o w s  f o r  a f i rs t  o r d e r  d e g r a d a t i o n :  

th  = ln(Co/C*) / kov Eq.2  

where C o  i s  t h e  i n i t i a l  d rug  l e v e l  and kov i s  t.he ra t ,e  

c o n s t a n t  a t  t h e  oven t empera tu re .  Thus th  accoun t s  f o r  
* !' equi-sa:lent a t  t h e  oven t empera tu re  f o r  t h e  e x t e n t  o f  

d e g r a d a t i o n  i n c u r r e d  d u r i n g  t h e  h e a t i n g  pel-iod 

The term tc-ti i s  c a l l e d  " c o o l i n g  t ime  e q u i v a l e n t "  

and i s  expr s s sed  as :  

tc-ti 2 In(Ci/Ci*) / kov Eq.3 

T h e  term tc.-ti has  a similar meaning as th. 

I n  a c t u a l  p r a c t i c e ,  on ly  C o  and C i U  a r e  de te rmined .  

The re fo re  E q . 2  and Eq .3  must be :Yurther t r e a t e d  i n  o r d e r  

t o  c a l c u l a t e  th and t,-t i '  
During t h e  h e a t i n g  and t h e  c o o l i n g  pe r iod  ,, t h e  

samples  undergo d e g r a d a t i o n  when t h e  t empera tu re  i s  

changing.  T h e  mathemat ica l  t r e a t m e n t  f o r  non i so the rma l  

k i n e t i c  s t u d y  ( 2 )  can  t h u s  be a p p l i e d  .to t h e s e  s i t u a t i o n s .  

Eq .2  and Eq .3  can be expressed  a:s ( s e e  Appendix f o r  t h e  

d e r i v a t i o n ) :  

Eq .4 
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374 YANG 

where T h ( t )  and T c ( t )  a r e  t h e  temperature-time r e l a -  

t i o n s h i p  experienced by t h e  samples during t h e  hea t ing  

and t h e  cool ing  per iod r e s p e c t i v e l y .  The t ime s c a l e  

i n  Eq.5 i s  counted from t h e  t ime t h e  samples a r e  

withdrawn from t h e  oven. 

Numerical i n t e g r a t i o n  method can be employed t o  

e v a l u a t e  t h e  f i n i t e  i n t e g r a l s  i n  Eq.4 and Eq.5.  

RESULTS AND DISCUSSION 

I t  was suggested t h a t  t h e  samples were subjec ted  

t o  a n  exponent ia l  temperature  i n c r e a s e  o r  decrease  during 

t h e  h e a t i n g  and t h e  cool ing  per iod:  

T = To, - (Tov - To> exP(-Zht) Eq.6 

T = To - (To - Tov) exp(-Zct) Eq.7 

where T is t h e  sample temperature  a t  time t ,  Zh and 2, 

are the h e a t i n g  r a t e  c o e f f i c i e n t  and t h e  cool ing  r a t e  

c o e f f i c i e n t  r e s p e c t i v e l y .  

With t h e s e  two temperature-time f u n c t i o n s ,  Eriksen 

e t  a l .  (1) employed t h e  fo l lowing  equat ions t o  c a l c u l a t e  

th and tc-ti: 
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(ETTE) I N  PHAI?.NACEUTICAL PRODUCT DEVELOPMENT 375 

where A is  t h e  p r e e x g o n e n t i a l  f a c t o r  i n  t h e  Arrhenius  

r e l a t i o n s h i p .  It can be e a s i l y  proved tha t ;  Eq.8 and Eq.9 

a r e  e q u i v a l e n t  t o  Eq.4 and Eq.5 r e s p e c t i v e l y ,  Eq.8 

and Eq.9 were used s i n c e  t h e  i n t e g r a l s  i!n bo th  e q u a t i o n s  

a r e  independent  o f  t h e  non i so the rma l  condi . t ions  d u r i n g  

t h e  h e a t i n g  and t h e  c o o l i n g  per i .od.  

The advantages  o f  Eq.4 and Eq.5 ove:r Eq.8 and Eq.9 

a r e  twofold .  F i r s t l y ,  on ly  t h e  a .c t iva t io :n  energy  i s  

needed i n  o r d e r  t o  e v a l u a t e  t h e  i n t e g r a l s  i n  3q.4 and 

Eq.5. While t h e  v a l u e s  o f  A ,  E a.nd kov are r e q u i r e d  

i' when u s i n g  Eq.8 and Eq.9 t o  c a l c u l a t e  th and tc-t 

Secondly ,  as shown i n  F igu re  1 amd F igure  2 ,  t h e  

i n t e g r a n d s  i n  b o t h  Eq.8 and Eq.51 i n c r e a s e  q u i t e  r a p i d l y  

when t h e  sample t empera tu re  approaches  t h e  f i n a l  tem- 

p e r a t u r e .  The re fo re  t h e  v a l u e s  o f  t h e  in t eg ra1 . s  ( a r e a  

under  cu rve )  are  ex t remely  s e n s i . t i v e  t o  t h e  f i n a l  

t empera tu re  used .  By comparison,  t h e  e x p o n e n t i a l  

f u n c t i o n s  fin Eq.4 and E q . 5  are  much smoother  and e a s i e r  

Lo manipula te  using a numer i ca l  i n t e g r a t i o n  method. 

S ince  t h e  e x p o n e n t i a l  f u n c t i o n s  a r e  used f o r  t h e  

tempera ture- t ime r e l a t i o n s h i p  d u r i n g  t h e  h e a t i n g  and 

t h e  c o o l i n g  p e r i o d ,  t h e  sample neve r  r e a c h e s  t h e  f i n a l  

t empera tu re  t h e o r e t i c a l l y .  The t,ime t* a n d  ti#. were 

approximated (1) by t h e  t ime when t h e  r e a c t i o n  r a t e  

had reached  95% o f  i t s  f i n a l  v a l u e  a t  t h e  f ina .1  tempe- 

r a t u r e .  
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Figure 1 

Graphical representation of the exponential 
functions in Eq.4 and Eq.8 using the condition 
in the example in reference 1. 

Using this criterion and the example in reference 

1, the integrals in Eq.4, 5, 8 and 9 are numerically 
integrated using the trapezoidal rule. The results are 

shown in Table I. Using the results in Table I, the 

values of th and tc-ti are calculated and are shown in 
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(ETTE) I N  PHARMACEUTICAL PKODUCT DEVELOPMENT 377 

Time (minute)  Temperaturs  ( O K )  

Figure  2 

Graph ica l  r e p r e s e n t a t i o n  04' t h e  e x p o n e n t i a l  
f u n c t i o n s  i n  Eq.5 and E q . 9  using t h e  c o n d i t i o n  
i n  t h e  example i n  r e f e r e n c e  1 

Table  11. Comparable r e s u l t s  Ere o b t a i n e d .  The d i s -  

c repancy  may l i e  i n  t h e  d i f f e r e n t  cho ice  of  t h e  f i n a l  

t empera tu re .  

N i th  t h e  v a l i d i t y  o f  Eq,4 and E q . 5  documented, l e t  

u s  t u r n  t o  a r e a l  world s i t u a t i o n .  Most  drug  camdidates  
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37% YANG 

T A B U  I 

The values  of t h e  i n t e g r a l s  i n  Eq.4, 5 ,  8 and 9 
a t  75'when A = l O I O ,  E=15 kcal/mole, Zh=O , 0 3 1 3 ~  

2.303 and Zc=0.0295x2.303 

This  paper* Reference 1 
t E l  1 

0 R To, T h ( t )  
exp[-(- -- i d t  34.24 minutes - 

E l  1 
exp [-( -- - )]dt 7.67 minutes - 

0 R To T , ( t )  
** 

5 2 538 2.423 'h ** 
0.5309 0.50m pc 

*During t h e  hea t ing  per iod ,  t h e  r a t e  cons tan t  reaches 
95% of t h e  r a t e  cons tan t  a t  75"at 58 minutes ( o r  
347.2%). During t h e  cool ing  per iod ,  t h e  r a t e  cons tan t  
reaches 95% o f  t h e  r a t e  cons tan t  a t  25'at 70 minutes 
( o r  298.4'K) a f t e r  t h e  samples a r e  withdrawn from 
t h e  oven. 

**See r e f e r e n c e  1 for d e f i n i t i o n .  

TABLE I1 

The va lues  o f  th, tc-ti and (ETTE)i a f t e r  &-hour 
s t o r a g e  a t  75'when t h e  condi t ion  o f  Table  I a p p l i e s  

This  paper Reference 1 
Eq.4 o r  Eq.5 Eq.8 o r  Eq.9 

t h (  minut es ) 34.24 35.21 33 * 6 1  

tc-ti (minutes) 7.67 7.67 7.48 

(ETTE)+(minutes) 223.91 224. a8 171.09* 

* A t * = l l O  minutes w a s  used i n  t h e  c a l c u l a t i o n  i n  refer-  
ence 1. This  is  probably i n  e r r o r .  Using t*=58 minutes ,  

t h i s  (ETTEIi is equal  t o  223.09 minutes which i s  t h e n  
c o n s i s t e n t  with t h e  va lues  obtained i n  t h i s  paper.  
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( E T T E )  I N  PHARMACEUTICAL PRODUCT DEVELOPMENT 379 

a r e  r e l a t i v e l y  s t a b l e ,  More oftlen t h a n  riot, a n  acce le -  

r a t e d  s t a b i l i t y  t e s t  u s u a l l y  talkes weeks o r  even months 

t o  accomplish. I t  i s  a l s o  no t  uiiusual f o r  t h e  samples,  

a f t e r  being removed from t h e  o w n ,  t o  be placed on a 

s h e l f  f o r  a week o r  s o  be fo re  t h e  a n a l y s i s  i s  performed. 

It  i s  d e s i r a b l e  t o  i n v e s t i g a t e  the effec:t  of t h e  hea t ing ,  

coo l ing  and w a i t i n g  per iod on t h e  p r e d i c t i o n  power of 

such a n  a c c e l e r a t e d  s t a b i l i t y  t e s t  f o r  a pharmaceut ical ly  

accep tab le  system. S t a t e d  g e n e r a l l y ,  t h e  problem t o  be 

i n v e s t i g a t e d  i s  as fol lows.  A psckaged protot:ype, a f t e r  

being en te red  i n  a n  oven, goes through t h e  h e a t i n g  per iod 

and reaches t h e  oven temperaturle a t  t i m e !  t*. Samples 

a r e  withdrawn a t  t ime ti ( i = 1 , 2 , .  .., n) and t!ien go 

through t h e  coo l ing  and t h e  w a i t i n g  period be fo re  t h e  

a n a l y s i s  is made a t  t ime t i ' .  Let t h e  drug l e v e l  a t  t i  

be C i ,  and t h e  drug l e v e l  a t  ti ' be C i ' .  Note t h a t  C i *  

is determined, bu t  no t  C i .  Data pairs ( t i ,  C i * )  a r e  t hen  

used f o r  mathematical  t r ea tmen t  u s ing  an :appropriate  

r a t e  equat ion.  

The problem is b e s t  i l l u s t r a t e d  us ing  an example. 

A prototype having an expected s h e l f  l i f e  ( t  ) o f  12  

months a t  2 5 " i s  t e s t e d  a t  754 L e t  t h e  first o r d e r  degra- 

d a t i o n  a c t i v a t i o n  energy of  t h e  a c t i v e  i n g r e d i e n t  be 

20 kcal/mole. The samples a r e  sub jec t ed  t o  t h e  h e a t i n g  

and t h e  coo l ing  per iod according t o  t h e  Z h  and Z c  i n  

Table  I .  One week a t  25Ois e l apsed  between thle end of t h e  

coo l ing  period and t h e  t ime when t h e  a n a l y s i s  i s  made. 

910 
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380 YANG 

A defferent criterion for the terminal temperature in 

the heating and the cooling period will be used. Since 

most ovem (or oven rooms) have temperature variation of 

typically 50.5'. a terminal temperature will be defined 

as the temperature when the sample temperature reaches 

this range. In this example, the terminal temperature 

is 74.5"for the heating period and 25.5°for the cooling 

period. Using the Zh and 2, values in Table I, the samples 

reach the terminal temperature at 64 minutes after the 
samples are placed in the oven and at 68 minutes after 

the samples are removed from the oven. 

An accelerated stability test allows the for- 

mulator an oppotunity to determine the reaction order 

unequivocally by allowing the degradation to proceed to 

a sufficient extent. When a 80% degradation is desired, 

a 6-week stability study is required for the example under 

investigation. An adequate sampling schedule would be 

withdrawing samples every week for the 6-week period, 

thus providing six data points. 

Table I11 lists the theoretical drug level remaining 

at each sampling time and the values of Cis after 

correcting for the degradation incurred during the heating, 

cooling and waiting period. 

Data treatment using (ti, Ci*), excluding the 

initial data point (0, 1001, with a first order rate 

equation gives an initial drug level of 99.69s which is 

equivalentto 100% for all practical purposes. Using a 
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(ETTE)  I N  PHARMACEUTICAL PRODUCT DEVEL,OPMENT 381 

TABLE IIX 

T h e o r e t i c a l  d rug  l e v e l  remain ing  and C i a  a t  
v a r i o u s  sampl ing  t i m e s  

~ 

T i m e  (week) Drug : level  remain ing  (%) 
(, i t h e  o r e  t i c a 1 1 

-- 
0 100 - 
1 76 I. 99 76 75 
2 59.27 59 09 

4.5 “63 45.49 
35.02 

3 
4 35 J 3  
5 27 05 26.96 
6 2 0 , 8 2  20.76 --- 

very  u n s t a b l e  sys tem,  S c o t t  anC Lachman ( 3 )  concluded 

t h a t  wh i l e  s s t i s f a c t o r y  r a t e  co i l s t an t  could  be de te rmined  

from t h e  d s t a  even a f t e r  t h e  samples  a r e  s u b j e c t e d  t o  t h e  

h e a t i n g  and t h e  c o o l i n g  p e r i o d ,  t h e  use  of tX7$ would be 

i n a p p r o p r i a t e  s i n c e  t h e  i n t e r c e p t  o f  t h e  s t r a i g h t  l i n e  

a t  t ime z e r o  would n o t  be 100%. I t  i s  seen  from t h e  a n a l y s i s  

i n  t h i s  paper  t h a t  t h e  e r r o r  i s  small enough t o  be 

ignored  when a pha rmaceu t i ca l ly  a c c e p t a b l e  sys tem i s  

s t u d i e d .  For t h e  r e l a t i v e l y  u n s t a b l e  sys tem,  such  as 

t h e  one used by S c o t t  and Lachman, i n s t a n e o u s  h e a t i n g  

and c o o l i n g  o f  t h e  samples  as descr ibed i n  Experiment A 

in  r e f e r e n - e  3 i s  cons ide red  as a s t a n d a r d  procedure  i n  

performing a k i n e t i c  exper iment .  

E r iksen  e t  a l .  (1) sugges t ed  t h a t  t h e  sampl ing  

t ime be long  enough t o  minimize t h e  magnitude of  t h e  e r r o r  

caused by the  h e a t i n g  and t h e  c o o l i n g  per:tod. T h i s  paper  

concludes  t h a t  t h i s  i s  a c t u a l l y  a n  i n h e r e n t  c h a r a c t e r i t i c s  

when a v e r y  s t a b l e  system is  s t u d i e d .  
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APPENDIX 

Using the mathematical treatment in reference 2, 

Eq.2 can be expressed as: 

Eq .A1 

Using the Arrhenius relationship, the ratio ko/kov 

can be expressed as: 

E l  I 
ko/kov = exp-(- - -1  

To, To 
Eq . A2 

Substitution of Eq.AE to Eq.Al, followed by rearrangement 

results in Eq.4. 

Eq.3  can be expressed as: 

ft E 1 1 

The elimination of kov from Eq .A3 gives Eq.5. 
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